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Violations of Locality Beyond Bell’s Theorem
Zeng-Bing Chen,∗ Sixia Yu, and Yong-De Zhang
Department of Modern Physics, University of Science and Technology of China, Hefei, Anhui 230027, China
Locality and realism are two main assumptions in deriving Bell’s inequalities. Though the experi-
mentally demonstrated violations of Bell’s inequalities rule out local realism, it is, however, not clear
what role each of the two assumptions solely plays in the observed violations. Here we show that two
testable inequalities for the statistical predictions of two-qubit systems can be derived by assuming
either locality or realism. It turns out that quantum mechanics respects a nonlocal classical realism,
and it is locality that is incompatible with experimental observations and quantum mechanics.
PACS numbers: 03.65.Ud, 03.65.Ta, 03.67.-a
In their famous paper, Einstein, Podolsky and Rosen
(EPR) [1] argued that quantum mechanics (QM) is in-
complete according to their criterion of reality based on
an implicit assumption of locality. In 1964 Bell derived
the celebrated Bell inequalities (BI) [2, 3, 4], enabling
quantitative tests of QM versus local realism. The deriva-
tion of BI requires mainly the realism and locality as-
sumptions, supplemented also by some other auxiliary as-
sumptions [5, 6] (e.g., no advanced actions). So far, many
experiments [7, 8] testing Bell’s theorem completely con-
firmed QM though certain technical loopholes still exist
[9]. Accepting the auxiliary assumptions, the experimen-
tal violations of BI necessarily imply that at least one of
the two main assumptions underlying BI should be aban-
doned [5, 6]. Then between locality and realism, which
is (or, are both) incompatible with QM?
On the one hand, the locality assumption is, at the
first glance, protected by the special theory of relativ-
ity. Its correctness can hardly be questioned. On the
other hand, realism underlies classical physics as a part
of the world view. It implies that there exists a world
that is objective and independent of any observations.
While EPR’s criterion of physical reality is certainly re-
spected by classical physics, its status in QM seems to
be questionable due essentially to the complementarity
principle. In quantum mechanical terms, “No elemen-
tary phenomenon is a phenomenon until it is a registered
(observed) phenomenon [10]”, namely, what is observed
on a quantum system is dependent upon the choice of
experimental arrangements/contexts.
It should be emphasized that all experiments (the “Bell
experiments”) performed so far to test Bell’s theorem
(with [7] or without [8] inequalities) always test locality
and realism jointly and thus, merely ruled out local re-
alism, but neither locality nor realism alone. Concerning
the experimental violations of BI, different attitudes arise
in the literature [11]. Some people like to hold the view
that QM is nonlocal [though such a nonlocality (“Bell’s
nonlocality”) of QM can only be understood in the con-
text of Bell’s theorem]. For instance, Stapp [12] argued
that QM is a nonlocal theory. This assertion is based
on some counterfactual reasonings and arises active con-
troversies [13]. Meanwhile, for other people it seems to
be more natural to give up realism [14]. Thus, reject-
ing locality or realism becomes again one’s philosophical
taste [5], a situation very similar to the time before the
publication of Bell’s work, when choosing local realism or
QM is a matter of taste [7]. Moreover, while biparticle
entangled pure states of any dimensionality always lead
to certain violation of BI [15], the relationship between
entanglement and Bell’s nonlocality for the mixed states
is very puzzling [16, 17] and remains one of the most
important open questions in the field.
In this Letter, we show that, by changing dramatically
the usual way we think about the “Bell paradigm”, the
separate role of the locality or realism assumption can be
tested for statistical predictions of QM by two inequali-
ties, which are derived by only assuming either locality or
realism. For the usual Bell experiments with two orthog-
onal settings per site, locality alone can lead to contra-
dictions with experimental observations and QM, while
realistic theories can always reproduce quantum mechan-
ical predictions.
Obviously, to test QM versus realism and versus local-
ity separately, a new falsifiable formulation beyond Bell’s
theorem is required. To this end, one needs first to spec-
ify the meanings of realism and locality in physical terms.
In modern understanding, EPR’s criterion [1] of real-
ism is usually implemented with classical hidden-variable
models [2, 4, 5, 6]. Meanwhile, locality means that the
experimental results obtained from a physical system at
one location should be independent of any observations
or actions made at any other spacelike separated loca-
tions. Previous prescription on the locality assumption
was, unfortunately, considered only within local realistic
theories [2, 4, 5, 6]. Recently, we suggested a generic
locality condition [18] that is imposed only on probabil-
ities that are observable for localists. The condition is
independent upon any theory (realistic or quantum); dif-
ferent theories differ only from their ways of assigning
the probabilities appearing in the locality assumption.
The experimental configuration we have in mind is the
same as that used in deriving the usual BI. Namely, one
considers an ensemble of pairs of two-level systems A and
2B, which are sent, respectively, to two spacelike separated
observers, Alice and Bob. The two-level systems can
be physically implemented by, e.g., spin-1/2 particles or
photons with two alternative polarizations. For definite-
ness, here we consider the spin-1/2 particles. In QM, Al-
ice and Bob need to measure, respectively, a ·σA ≡ aˆ and
b · σB ≡ bˆ to obtain the statistical correlations E(a,b)
between the two systems. Here σA (σB) is the Pauli spin
operator of Alice’s (Bob’s) particles, and a and b are two
arbitrary unit vectors (experimental settings). QM tells
us that the observed values of aˆ, bˆ and aˆbˆ can only be ±1
as aˆ2 = IA, bˆ2 = IB and (aˆbˆ)2 = IA ⊗ IB , with I being
the unit operator. QM predicts the correlations
EQM (a,b) = Tr[ρAB aˆbˆ], (1)
where ρAB are the states of A and B.
How does a localist interpret the observed correlations
(if any)? Obviously, events occurring in the backward
light core of a particle (e.g., particle A or B) may affect
the events occurring on the particle. Particularly, events
in the overlap of the backward light cores of the two parti-
cles may be “common causes” [4] of the events occurring
on A and B, though events occurring on A should not be
causes of events occurring on B (and vice versa). Denote
the joint probability of getting outcomes ai (= ±1) and bj
(= ±1) as P (ai, bj). Whenever there are correlations in
the observed P (ai, bj), the localist may interpret the cor-
relations being solely coming from the common causes.
Then the locality assumption reads [18]
P (ai, bj) =
∑
µ
P (ai, bj |µ) P (µ)
=
∑
µ
P (ai |µ) P (bj |µ) P (µ), (2)
where the first line is a simple fact in theory of condi-
tional probability. Here the summation may also mean
integration, if necessary; P (· |µ) are the probabilities
conditioned on a given common cause (labelled by µ);
P (µ) ≥ 0 are the probabilities for the given cause µ to
occur, and
∑
µ P (µ) = 1. Thus, the given common cause
can affect the probabilities with regard to particles A
and B; conditioned on the same cause, observable prob-
abilities for A and B must be mutually independent, as
required by locality. The correlations predicted by any
local theory (LT) are thus
ELT (a,b) =
∑
ai,bj
aibjP (ai, bj) =
∑
µ
P (µ)a¯µb¯µ, (3)
where a¯µ =
∑
ai
aiP (ai |µ) with |a¯µ| ≤ 1 and b¯µ =∑
bj
bjP (bj |µ) with
∣∣b¯µ∣∣ ≤ 1. If whatever the com-
mon causes are, the correlations ELT (a,b) cannot be ex-
plained by local predictions (3), then they are nonlocal.
The locality condition (2) imposes constrains merely
on observable probabilities. Particularly, localists may
reasonably argue that the common causes are not any-
thing that is mysterious or “hidden”; instead, they are
experimentally observable and distinguishable (at least
in principle) to account for the observed correlations.
For instance, they can be random-number generators [16]
producing numbers µ with probabilities P (µ), which are
held in a preparing device creating the statistical ensem-
ble under study. In this way, one can exclude any as-
sumption other than locality. A theory has the power of
making predictions. Thus, using either QM or RT, one
can predict the probabilities in (2). There are then two
other facts supporting (2) as a generic locality condition.
First, we proved [18] recently that for spacelike sep-
arated systems, Eq. (2) is obeyed iff the states of the
two particles are separable [i.e., entangled states possess
quantum nonlocality in the sense of violating the locality
condition (2)]. Thus, a local quantum theory (LQT, i.e.,
QM+locality) predicts
ELQT (a,b) =
∑
µ
P (µ)Tr [ρAµaˆ] Tr[ρBµbˆ], (4)
where ρAµ (ρBµ) are the local density operators condi-
tioned on the common cause µ such that a¯µ = Tr [ρAµaˆ]
and b¯µ = Tr[ρBµbˆ] [see Eq. (3)].
Second, if the two particles in question are described by
a classical realistic theory (RT), Eq. (2) becomes Bell’s
locality condition which has been well justified in various
aspects in the context of BI [4, 5, 6] and now is widely ac-
cepted. To see this, recall that in an RT, the probabilities
in (2) are determined by the experimental settings and by
a set of hidden variables, denoted collectively by λ, and as
such P (ai, bj) =
∑
µ
∫
dλp(λ)Pλ(ai |µ) Pλ(bj |µ) Pλ(µ),
where p(λ) ≥ 0 is a normalized probability distribution
of λ. If one formally identifies the common causes as a
part of the hidden variables, then Bell’s locality condi-
tion [4, 5, 6] can be obtained. The correlations predicted
by local realistic theories (LRT) are then
ELRT (a,b) =
∑
µ
∫
dλp(λ)Pλ(µ)Aµ(a, λ)Bµ(b, λ), (5)
where Aµ(a, λ) =
∑
ai
aiPλ(ai |µ) with |Aµ(a, λ)| ≤ 1
and Bµ(b, λ) =
∑
bj
bjPλ(bj |µ) with |Bµ(b, λ)| ≤ 1.
However, an RT without assuming locality predicts
ERT (a,b) =
∑
µ
∫
dλp(λ)Pλ(µ)Γµ(a,b;λ), (6)
with Γµ(a,b;λ) =
∑
ai,bj
aibjPλ(ai, bj |µ) and
|Γµ(a,b;λ)| ≤ 1.
Clearly, the same locality assumption (2) is underlying
both (5) and (4), where QM and realism differ from their
distinct ways of assigning probabilities (or measured re-
sults) for the same quantities. Now our task is to deduce
the consequences for each of the five theories (LT, RT,
3LRT, LQT and QM) in the Bell experiments, to see if
there are testable quantitative differences among them.
To obtain the required inequalities, Alice (Bob) needs
to measure at another direction a⊥ ⊥ a (b⊥ ⊥ b),
namely, we are concerned with the inequalities with two
orthogonal settings per site. Then consider the following
combinations of the correlation functions:
E(a,b⊥) + E(a⊥,b) ≡ X, E(a,b)− E(a⊥,b⊥) ≡ Y.
In terms ofX and Y QM predicts the following inequality
for all two-spin states (entangled or not) [19]
X2QM + Y
2
QM ≤ 4, (7)
which can, actually, be proved by using the
Heisenberg-Robertson uncertainty relation for
the composite system. Using the facts that
|Γµ(a,b;λ)|, |Γµ(a⊥,b⊥;λ)|, |Γµ(a⊥,b;λ)|,
|Γµ(a,b⊥;λ)| ≤ 1, it can be proved that |XRT | ≤∑
µ
∫
dλp(λ)Pλ(µ) [|Γµ(a,b⊥;λ)|+ |Γµ(a⊥,b;λ)|] ≤ 2,
and similarly |YRT | ≤ 2. Thus, the inequality imposed
by realism alone is
|XRT | ≤ 2, |YRT | ≤ 2. (8)
Note that in a RT, all the four Γµ functions used above
can be mutually independent. So no lower bound exists
for Eq. (8).
From (3), one can obtain the “locality inequality” sat-
isfied by any local theory
|XLT ± YLT | ≤ 2 (9)
due to the fact that
∣∣(a¯µ ± a¯⊥µ)b¯µ + (a¯µ ∓ a¯⊥µ)b¯⊥µ∣∣ ≤ 2.
Particularly, the BI (due to Clauser, Horne, Shimony and
Holt [3]) imposed by any local realistic theory reads
|XLRT ± YLRT | ≤ 2, (10)
for which no tighter bound exists.
However, an LQT predicts an inequality (the “quan-
tum locality inequality”)
X2LQT + Y
2
LQT ≤ 1, (11)
which is stronger than the locality inequality (9). The
proof of the inequality (11) is easy. Using Eq. (4) and the
property [19] of X2LQT and Y
2
LQT being convex functions
of local density operators, it suffices to prove the valid-
ity of (11) for ρAB = ρAρB. Denoting Tr [ρAaˆ] = 〈aˆ〉A
and Tr[ρB bˆ] = 〈bˆ〉B, one has X2LQT + Y 2LQT = (〈aˆ〉2A +
〈aˆ⊥〉2A)(〈bˆ〉2B + 〈bˆ⊥〉2B) ≤ 1, where 〈aˆ〉2A + 〈aˆ⊥〉2A ≤ 1 and
〈bˆ〉2B+ 〈bˆ⊥〉2B ≤ 1 have been exploited and are direct con-
sequences of the Heisenberg-Robertson uncertainty rela-
tion for each subsystem A/B. In the present case the
uncertainty relation gives, e.g., for Alice’s particle (1 −
〈aˆ〉2A)(1−〈aˆ⊥〉2A) ≥ 〈(a× a⊥) · σA〉2A+ 〈aˆ〉2A 〈aˆ⊥〉2A, yield-
ing 〈aˆ〉2A+ 〈aˆ⊥〉2A ≤ 〈aˆ〉2A+ 〈aˆ⊥〉2A+ 〈(a× a⊥) · σA〉2A ≤ 1.
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FIG. 1: Five inequalities (7-11) in the X-Y plane. They are
predicted by: LT/LRT (the inner tilted square), QM (the
outer circle with radius 2), RT (the outer horizontal square)
and LQT (the inner circle with radius 1).
Since the inequalities (7-11) make their predictions on
the same experiments, they can be summarized in a single
diagram shown in Fig. 1. Seen from the diagram, there is
an interesting relation among the predictions of the five
theories
RT ⊃ QM ⊃ LT/LRT ⊃ LQT. (12)
Note that the inequalities (7-10) and, thus, the relation
RT⊃QM⊃LT/LRT are still valid for the cases where the
two settings for each site are not orthogonal. The rela-
tion (12) implies that, e.g., all QM predictions are also
predicted by RT though being essentially classical, but
the RT predicts something more than QM. Thus, for the
system in question all predictions do allow to be inter-
preted by certain classical hidden-variable model, which
must be of a nonlocal nature as a price [5]. In other
words, realism (without assuming locality) in itself is not
excluded by QM. However, accepting that QM is correct
(and very unlikely to be wrong for systems as simple as
two-level ones), it is impossible to observe the conflict
between RT and QM in the Bell experiments.
The relation (12) definitely shows that there are two
qualitatively different nonlocality. Any observed correla-
tion that does not satisfy the locality condition (2) is non-
local. When the probabilities in (2) are quantum predic-
tions, (2) can be reasonably called the “quantum locality
condition”, whose violation indicates quantum nonlocal-
ity (“qunonlocality” for short). It is qunonlocality that
is proved to be equivalent to entanglement for spacelike
separate quantum systems [18]. The fact that the locality
inequality (9) and the BI (10) take the same form implies
that the Bell experiments performed to test (10) actually
ruled out all local theories (including LRT and LQT) and
proved nonlocality of nature for statistical predictions of
QM. The distinct trends of locality and realism in Fig. 1
4show that realism can mask qunonlocality. We think this
is the reason why the relation between nonlocality and
entanglement is such a notoriously difficult issue when
being seen in the context of BI. Indeed, there exist two-
particle entangled states (the Werner states [16]) with
“hidden nonlocality” [17] (more precisely, hidden qunon-
locality), hidden by realism so much that it cannot be
uncovered by any BI. All states in the region constrained
by |XLRT | + |YLRT | ≤ 2 and X2LQT + Y 2LQT > 1 in Fig.
1 possess hidden qunonlocality.
Let us consider the experimental settings under which
the locality inequality (11) is violated by QM. It is well
known that the bound of BI (10) [and thus, (9)] allowed
by QM is 2
√
2, known as the Cirel’son bound [20]. How-
ever, the 2-setting quantum locality inequality (11) has
the bound 4 of maximal violation [see (7)] and can reveal
a much stronger violation allowed by QM.
Choose the spin singlet state |ψ−〉 = 1√
2
(|↑〉A |↓〉B −
|↓〉A |↑〉B), where |↑〉 (|↓〉) is the spin-up (spin-down)
state. Then EQM (a,b) = 〈ψ−| aˆbˆ |ψ−〉 = −a · b gives
X2QM +Y
2
QM = (a ·b⊥+a⊥ ·b)2+(a ·b−a⊥ ·b⊥)2. The
maximal bound 4 allowed by QM can easily be attained
by choosing the angles from a⊥ to b⊥ and from b⊥ to
a⊥ to be pi/4. Then for the Werner state [16, 21, 22]
ρW =
1
4
(1 − x) + x |ψ−〉 〈ψ−| (here 1 > x > 0) and the
same settings chosen above, |XQM |+ |YQM | ≤ 2
√
2x im-
plies that when x > 1/
√
2, (9) or (10) is violated by QM.
It is already known that for x > 1/3 the Werner state ρW
is entangled [21, 22], i.e., has qunonlocality. Therefore,
there is hidden qunonlocality for 1/
√
2 ≥ x > 1/3 that
does not lead to any violation of BI (10) or the local-
ity inequality (9). Meanwhile, under the same condition
X2QM +Y
2
QM = 4x
2; when x > 1/2, the quantum locality
inequality (11) is violated by ρW . Thus, (11) shows a
sharper contradiction with QM than (9) or (10).
The fact that the quantum locality inequality (11) can-
not fully uncover qunonlocality in ρW means that its vi-
olation is only a sufficient condition for qunonlocality,
but not a necessary one. Yet, the quantum counterpart
of the locality condition (2) is necessary and sufficient
for separability of states for spacelike separated systems
and thus, all entangled states possess qunonlocality [18].
We mention that a necessary and sufficient condition of
separability of states for the Bell experiments with three
mutually orthogonal settings per site was found recently
for two-qubit systems [23].
To summarize, we have established a hierarchy [see Eq.
(12) and Fig. 1] of five kinds of theories (RT, QM, LT,
LRT and LQT) for the usual Bell experiments with two
orthogonal settings per site. The hierarchy enables sep-
arate experimental tests of QM versus locality beyond
Bell’s theorem. It also sheds new light on the role of lo-
cality or realism in the experimental violations of BI and
the relationship between entanglement and Bell’s non-
locality. The quantum locality inequality is useful for
detecting genuine qunonlocality and might find interest-
ing applications in quantum information processing. For
instance, for the EPR protocol of quantum cryptography
[24], (11) may lead to better test of eavesdropping. In-
terestingly, violation of locality without inequalities for
multiparticle Greenberger-Horne-Zeilinger states [25] can
also be proved and will be reported elsewhere. Finally,
we stress that (quantum) nonlocality (or, entanglement)
cannot be used for superluminal communication [11, 18].
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